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A quasi-Banach space X (in particular a Banach space) with an unconditional basis is said to have
a unique unconditional basis (up to permutation) if any two normalized unconditional basis of X are
equivalent (after a permutation), i.e., there exists an automorphism of X which takes one basis to
(a permutation of) the other.
What is known on the subject of uniqueness of unconditional bases for Banach spaces can be
found in the Memoir [4] by Bourgain, Casazza, Lindenstrauss, and Tzafriri, and the references quoted
there. One of the core results contained in [4] was the following:bH. All rights reserved.
(F. Albiac), camino@unavarra.es (C. Lera´noz).
de Ciencia e Innovacio´n Research Project Operadores, retı´culos, y geometrı´a
8-02652/MTM.
F. Albiac, C. Lera´noz / Expositiones Mathematicae 28 (2010) 379–384380Theorem 1.1 (Bourgain et al. [4, Corollary 4.8]). Let Q be a bounded linear projection from ‘1ðc0Þ onto a
subspace Y with a normalized K-unconditional basis ðunÞZn ¼ 1. Then, there exists a constant D and a
partition of the set f1, . . . ,Zg into mutually disjoint subsets (Bj)j=1J such that for any ðanÞ1n ¼ 1 2 c00,
D1
XJ
j ¼ 1
sup
n2Bj
janjr
XZ
n ¼ 1
anun

rD
XJ
j ¼ 1
sup
n2Bj
janj ð1:1Þ
In particular, ‘1ðc0Þ has a unique unconditional basis, up to permutation.
Motivated by this theorem, the authors showed in [3] that the same holds in ‘pðc0Þ when po1,
that is:
Theorem 1.2 (Albiac and Lera´noz [3, Theorem 2.1]). Let 0opo1. Let Q be a bounded linear projection
from ‘pðc0Þ onto a subspace Y with a normalized K-unconditional basis ðunÞZn ¼ 1. Then, there exists a
constant Y and a partition of the set f1, . . . ,Zg into mutually disjoint subsets (Li)i=1I so that for any
ðanÞ1n ¼ 1 2 c00,
Y1
XI
i ¼ 1
sup
n2Li
janjp
 !1=p
r
XZ
n ¼ 1
anun

rY
XI
i ¼ 1
sup
n2Li
janjp
 !1=p
: ð1:2Þ
In particular, ‘pðc0Þ has a unique unconditional basis, up to permutation.
The original proof of Theorem 1.2 was very technical. It was closely tied to the uniqueness of
unconditional basis in the Banach envelope ‘1ðc0Þ exhibited in Theorem 1.1 and took advantage of
the sets (Bj)j=1
J provided by Eq. (1.1). Our approach here is completely different. The strategy is
essentially based on the fact that, thanks to the lattice anti-Euclidean nature of ‘1ðc0Þ (see
[6, Proposition 2.4]), the complemented unconditional basic sequences of ‘pðc0Þ take a particularly
simple form. To accomplish that the key ingredient will be the following general result on
complemented unconditional basic sequences in lattice anti-Euclidean quasi-Banach spaces, which
extends a result from [5].
Theorem 1.3 (Albiac et al. [2, Theorem 3.4]). Let Y and Z be quasi-Banach sequence spaces. Suppose Z is
p-convex for some p40 and that Y is isomorphic to a complemented subspace of Z. Suppose Y^ is lattice
anti-Euclidean. Then there exists a complemented disjoint positive sequence (vn) in Z
N equivalent to the
unit vector basis (un) in Y. Furthermore, the projection P of Z
N onto [vn] may be given in the form
PðzÞ ¼
X1
n ¼ 1
vnðzÞvn
where vnZ0 and suppðvnÞDsuppðvnÞ for all n.
The next ‘‘large coefﬁcient’’ lemma will also be used. It is a generalization of [7, Theorem 2.3]; the
proofs are similar.
Lemma 1.4. Let Z be a p-convex quasi-Banach lattice (0opo1) with normalized unconditional basis
ðenÞ1n ¼ 1 and let Y be a complemented subspace of Z with a normalized unconditional basis ðunÞn2S (SDN)
so that suppðunÞDsuppðunÞ and the sets suppðunÞ are disjoint for all n 2 S. Suppose that there is a
constant n40 (independent of n) such that to each n 2 S corresponds a subset TnDsuppðunÞ for which
X
k2Tn
ekðunÞunðekÞ

4n
Then, the basic sequence
vn ¼
X
k2Tn
ekðunÞek ðn 2 SÞ
is equivalent to ðunÞn2S and the subspace ½vnn2S is complemented in Z. Furthermore, supp(vn)=supp(vn),
and vnZ0 if u

nZ0 (n 2 S).
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deﬁnitions and background on the problem of uniqueness of unconditional bases in quasi-Banach
spaces we refer to [3,2].2. The uniqueness of unconditional basis of ‘pðc0Þ for 0opo1, revisited
For the sake of reference, let us recall that given 0opr1,
‘pðc0Þ ¼ fz¼ ðzlÞ1l ¼ 1 : zl 2 c0 for each l and ðJzlJ1Þ1l ¼ 1 2 ‘pg
This set equipped with the p-norm
JzJp ¼
X1
l ¼ 1
JzlJp1
 !1=p
is a p-Banach space.
For each l 2 N, we can write zl ¼ ðzl1,zl2, . . . ,zlk, . . .Þ 2 c0, and then identify ‘pðc0Þ with the space of
inﬁnite real matrices A¼ ðzlkÞ1l,k ¼ 1 such that limk-1zlk ¼ 0 for all l 2N and
JAJp ¼
X1
l ¼ 1
sup
k2N
jzlkjp
 !1=p
o1
The dual space of ‘pðc0Þ can be identiﬁed with ‘1ð‘1Þ, the space of inﬁnite matrices a¼ ðalkÞ1l,k ¼ 1
such that
JaJ¼ sup
l
X1
k ¼ 1
jalkjo1
and the Banach envelope of ð‘pðc0Þ,J  JpÞ is ð‘1ðc0Þ,J  J1Þ. For simplicity in the notation, we will denote
by J  J both the quasi-norm in ‘pðc0Þ and the norm in its dual ‘1ð‘1Þ.
The spaces ‘pðc0Þ (0opr1) have a canonical 1-unconditional basis of unit vectors that will be
denoted by ðel,kÞ1l,k ¼ 1. The (l, k) entry of the matrix vector el0 ,k0 is 1 if l= l0 and k=k0, and 0 otherwise.
The lattice structure induced by ðel,kÞ1l,k ¼ 1 in ‘pðc0Þ is p-convex.
This is our main result:
Theorem 2.1. Suppose 0opo1, and let Q be a bounded linear projection from ‘pðc0Þ onto a subspace Y
with a normalized K-unconditional basis ðunÞn2S. Then, ðunÞn2S is equivalent to a subbasis of the canonical
basis ðel,kÞ1l,k ¼ 1 of ‘pðc0Þ.
Before we see the proof, let us establish the notation we will use.
Suppose Q is a bounded linear projection from ‘pðc0Þ onto a subspace Y with normalized
unconditional basis ðunÞn2S; the cardinality of S can be ﬁnite or inﬁnite. We will denote by ðel,kÞl,k2N
and ðunÞn2S the sequences in ‘1ð‘1Þ of the biorthogonal linear functionals associated to ðel,kÞl,k2N and
ðunÞn2S, for which
z¼
X1
l,k ¼ 1
el,kðzÞel,k and Q ðzÞ ¼
X
n2S
unðzÞun
for all z 2 ‘pðc0Þ. Also, for each n 2 S we can write
un ¼
X1
l,k ¼ 1
el,kðunÞel,k
and
un ¼
X1
l,k ¼ 1
unðel,kÞel,k
F. Albiac, C. Lera´noz / Expositiones Mathematicae 28 (2010) 379–384382where the convergence of this last series is understood in the weak-sense. Then, we have
JunJ¼ sup
l
X1
k ¼ 1
junðel,kÞjrKJQJ ðn 2 SÞ ð2:3Þ
We also recall that ðunÞn2S is a K-unconditional basis of Y^ , the Banach envelope of Y, which is
complemented in ‘1ðc0Þ, and from (2.3) we easily obtain
ðJQJKÞ1rJunJcr1 ðn 2 SÞ
We are now in a position to show Theorem 2.1.
Proof of Theorem 2.1. The space ‘pðc0Þ satisﬁes all the conditions of Theorem 1.3 since ‘pðc0Þ is
isomorphic to ‘pðc0Þ  ‘pðc0Þ and its Banach envelope, ‘1ðc0Þ, is lattice anti-Euclidean. Consequently
we can assume that the support sets
Sn ¼ fðl,kÞ 2 NN: el,kðunÞa0g ¼ fðl,kÞ 2 NN :unðekÞa0g
are disjoint and ﬁnite, and that el,kðunÞ40 for all ðl,kÞ 2 Sn, and n 2 S. Let us see that we can further
simplify the supports.
Fix n 2 S. With an easy duality argument we obtain
X1
l ¼ 1
X1
k ¼ 1
el,kðunÞunðel,kÞ
 !p
r
X1
l ¼ 1
sup
k
ðel,kðunÞÞpsup
l
X1
k ¼ 1
unðel,kÞ
 !p
¼ JunJpJunJprKpJQJp
Given e¼ 1=2KJQJ, the strong-absoluteness of the unit vector basis of ‘p yields a constant Ce
such that
1¼ unðunÞ ¼
X1
l,k ¼ 1
el,kðunÞunðel,kÞrCesup
l
X1
k ¼ 1
el,kðunÞunðel,kÞþe
X1
l ¼ 1
X1
k ¼ 1
el,kðunÞunðel,kÞ
 !p !1=p
rCesup
l
X
k
el,kðunÞunðel,kÞþe
X1
l ¼ 1
sup
k
ðel,kðunÞÞp
 !1=p
sup
l
X1
k ¼ 1
unðel,kÞ
¼ Cesup
l
X1
k ¼ 1
el,kðunÞunðel,kÞþeJunJJunJrCesup
l
X1
k ¼ 1
el,kðunÞunðel,kÞþ
1
2
Thus,
sup
l
X1
k ¼ 1
el,kðunÞunðel,kÞZ
1
2Ce
and we can pick a (not necessarily one-to-one) map s : S-N, n-sðnÞ ¼ lðnÞ, such that
X1
k ¼ 1
elðnÞ,kðunÞunðelðnÞ,kÞZ
1
2Ce
Put On ¼ fk 2 N : ðlðnÞ,kÞ 2 suppðunÞ ¼ Sng. Notice that by the disjointedness of the supports it must be
On \Om ¼ | whenever l(n)= l(m). By Lemma 1.4, ðunÞn2S is equivalent to a sequence deﬁned as
vn ¼
X
k2On
elðnÞ,kðunÞelðnÞ,k ðn 2 SÞ
That is, roughly speaking, the support of each vn is to be found in only one row l(n). Besides
unconditional and complemented, the basic sequence ðvnÞn2S is semi-normalized since, on the one
hand, we have
JvnJ¼ sup
k2On
elðnÞ,kðunÞrJunJ¼ 1 ð2:4Þ
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1
2Ce
r
X
k2On
elðnÞ,kðunÞunðelðnÞ,kÞrJvnJ JunJrKJQJ JvnJ ð2:5Þ
For each ﬁxed l, let Ll ¼ fn 2 S : lðnÞ ¼ lg. Then, given ðanÞ1n ¼ 1 2 c00,
X
n2S
anvn

¼
X
n2S
X
k2On
ane

lðnÞ,kðunÞelðnÞ,k

¼
X
l2sðSÞ
X
n2Ll
X
k2On
ane

l,kðunÞel,k


¼
X
l2sðSÞ
sup
n2Ll ,k2On
janel,kðunÞjp
0
@
1
A
1=p
¼
X
l2sðSÞ
sup
n2Ll
ðjanj JvnJÞp
0
@
1
A
1=p
Now bring (2.4) and (2.5) into play to get
1
2KJQJCe
X
l2sðSÞ
sup
n2Ll
janjp
0
@
1
A
1=p
r
X
n2S
anvn

r
X
l2sðSÞ
sup
n2Ll
janjp
0
@
1
A
1=p
i.e., ðvnÞn2S is equivalent to a subbasis of ðel,kÞ1l,k ¼ 1 and the proof is over. &
In order to classify the subbases of the canonical bases of ‘pðc0Þ when 0opr1 we need to recall
the Cantor–Bernstein principle for unconditional bases. This was ﬁrst observed by Mitjagin [9],
although we will use this principle in the form in which it was reinterpreted by Wojtaszczyk in
[10, Proposition 2.11].
Proposition 2.2. Suppose ðunÞ1n ¼ 1 and ðvnÞ1n ¼ 1 are two unconditional basic sequences of a quasi-Banach
space X. Then (un) and (vn) are equivalent (up to permutation) if and only if (un) is equivalent (up to
permutation) to a subsequence of (vn) and (vn) is equivalent (up to permutation) to a subsequence of (un).
Proposition 2.3. Suppose 0opr1. Let N be an inﬁnite subset of NN. Then ðel,kÞðl,kÞ2N is equivalent
(up to permutation) in ‘pðc0Þ to the canonical basis of exactly one of the following spaces:
‘p, c0, ‘p  c0, ‘pð‘n1Þ1n ¼ 1, c0  ‘pð‘n1Þ1n ¼ 1, ‘pðc0Þ
Combining Proposition 2.3 and Theorem 2.1, as a straightforward consequence we obtain the
classiﬁcation of the complemented subspaces of ‘pðc0Þ for po1 with unconditional basis, and the
uniqueness of unconditional basis in those spaces. We leave the easy arguments of the proofs to
the reader.
Corollary 2.4. Let 0opo1.(i) The following quasi-Banach spaces have a unique unconditional basis up to permutation: ‘p, c0,
‘p  c0, ‘pð‘n1Þ1n ¼ 1, c0  ‘pð‘n1Þ1n ¼ 1, and ‘pðc0Þ.(ii) Every normalized unconditional basis of an inﬁnite dimensional complemented subspace of ‘pðc0Þ is
equivalent to a permutation of the unit vector basis of one of the following spaces: ‘p, c0, ‘p  c0,
‘pð‘n1Þ1n ¼ 1, c0  ‘pð‘n1Þ1n ¼ 1, or ‘pðc0Þ.References
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